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We analytically calculate the intra- and inter- surface dynamical density-density linear responses
of ultra-thin topological insulator films with finite tunneling between their top and bottom surfaces
in both metallic and insulating regimes. Employing the random phase approximation we investigate
the dispersions of in-phase and out-of-phase collective density modes of this system in the metallic
regime. We find that in contrast to the bilayers of the conventional two-dimensional electron gas,
where finite tunneling gapes out the out-of-phase mode, in topological insulator thin films, this
mode remains linear at long wavelengths. Depending on different system parameters, the velocity
of out-of-phase mode can be tuned to be larger or substantially smaller than the Fermi velocity of
electrons on the isolated surfaces of the topological insulator. Finite tunneling generally reduces the
energy of collective modes, making them more confined in space.
I. INTRODUCTION
Plasmons are collective charge density excitations orig-
inating from the long-range nature of the Coulomb inter-
action. Recently, collective modes of two dimensional
Dirac materials have attracted a lot of interest [1–10].
Plasmons in these materials are tunable through gate
voltage which controls the carrier concentration, and usu-
ally, have higher lifetimes due to the high mobility of host
materials. Plasmons have interesting features in topolog-
ical insulators, due to the strong spin-orbit coupling [11].
They have long propagation lengths and resonance fre-
quencies in the mid-infrared and terahertz spectral re-
gions, that can be tuned via the Fermi energy [12]. Den-
sity oscillations in topological insulators are accompanied
by transverse spin oscillations (i.e., spin-plasmons) as a
result of spin-orbit coupling [13]. These peculiar features
suggest that the collective modes of topological materi-
als have the potential for novel applications in plasmonics
and spintronics. Due to the quantum confinement, the
bulk band-gap of topological insulator thin film (TITF)
is larger than the bulk topological insulator [14]. This
is a useful feature as it provides a larger range of avail-
able chemical potentials for the surface states, within the
gap of bulk states. Nano-scale structures of the topo-
logical insulators, such as thin films, multilayers, and
nano-ribbons have large surface-to-volume ratios, so the
contribution of surface states in their different physical
properties are enormously enhanced. It has been exper-
imentally [15, 16] observed that for Bi2Se3 topological
insulator thin films when the film thickness becomes less
than 6 quintuple layers (∼ 6nm), a finite hybridization
between two surfaces opens a gap in the excitation spec-
trum of surface states. In the following by ultra-thin
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films, we mean the regime where the tunneling between
two surfaces is not negligible. Note that a finite gap in
the spectrum of surface states of TITF could be induced
by other means such as strain and external electric or
magnetic fields.
Plasmons have been extensively studied in different
double layer structures [17–28]. The collective density
modes of topological insulator thin films in the absence of
hybridization between their surface states have been in-
vestigated recently [26–28]. Electrons in uncoupled TITF
behave like massless Dirac fermions, therefore, their dy-
namical density response function is similar to the one
of graphene [29]. Within the random phase approxima-
tion (RPA), it was shown that uncoupled TITF has two
collective modes, optical and acoustic modes respectively
with the usual ω ∝ √q and ω ∝ q long-wavelength dis-
persions [27].
In this paper, we study the dynamical density-density
response and the collective density modes of a topological
insulator ultra-thin film, in the regime where the surface
electronic states are hybridized due to finite inter-surface
tunneling. Electrons in tunnel-coupled TITF behave like
massive Dirac fermions so their total density response
at low doping is similar to the density response of mas-
sive Dirac fermions [9], such as in gapped graphene [3]
and other buckled honeycomb lattices [7]. However, in
topological insulator thin films it is possible to probe
surface-resolved density responses and therefore two dis-
tinct collective modes corresponding to the in-phase and
out-of-phase oscillation of electrons in two surfaces is ex-
pected. Collective density modes of topological insula-
tor films and double-layer graphene, in the absence of
tunneling, have been theoretically investigated by sev-
eral groups [6, 24, 26–28]. Here we look at the effects
of hybridization between the surface states of topological
insulators in the ultra-thin limit. The static density re-
sponse and screening of this system have been explored
by Liu et al. [30].
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2The rest of this paper is organized as follows. In Sec. II
we introduce our effective low-energy model Hamiltonian
for topological insulator thin film, obtain its intra- and
inter-surface density response functions and discuss their
behavior in different regimes. In Sec. III we discuss the
dispersions of collective density modes of TITF, and in-
vestigate their long-wavelength behavior. Sec. IV sum-
marizes our main findings. Finally, the full analytic forms
of the dynamical density response functions in different
regimes and their asymptotic behavior are presented in
Appendix. A.
II. MODEL HAMILTONIAN AND LINEAR
DENSITY-DENSITY RESPONSES
The effective low-energy single-particle Hamiltonian of
a TITF is given by [30–34]
Hˆk = ~vFτz ⊗ [σ · (k× zˆ)] + tτx ⊗ σ0, (1)
where vF is the Fermi velocity of the surface states, τ
and σ are the Pauli matrices acting in the layer and real
spin spaces, respectively and their zero components are
2 × 2 identity matrices in the corresponding space, t is
the tunneling between top and bottom surfaces and zˆ is a
unit vector in the direction perpendicular to the surfaces.
Note that the first term on the right-hand-side of Eq. (1)
describes the Dirac fermions on two surfaces of a topo-
logical insulator while the second term is the hybridiza-
tion of two surfaces due to the tunneling of electrons in
ultra-thin films. This tunneling is responsible for the gap
opening in the dispersion of surface states. The minimal
effective model as given by Eq. (1) captures the main low
energy features of a TITF and at the same time is simple
enough to make the analytical treatment of dynamical
responses and collective modes feasible. Diagonalizing
the effective 4 × 4 Hamiltonian (1), one obtains the dis-
persions of valance and conduction bands
εkλ = λ
√
~2v2F k2 + t2, (2)
where λ = −1(+1) refers to two spin-degenerate valance
(conduction) bands. The corresponding normalized
eigenstates in the ψ = (ψ1,↑, ψ1,↓, ψ2,↑, ψ2,↓)T basis,
where two indices specify the layer and spin orientation
of electrons, read [30]
Ψ
(1)
kλ =
1√
2
(
λ,−i cosαkeiθk , sinαk, 0
)T
,
Ψ
(2)
kλ =
1√
2
(
0, sinαk,−i cosαke−iθk , λ
)T
,
(3)
with T referring to the transpose of a vector, and αk ≡
tan−1(t/~vFk) and θk ≡ tan−1(ky/kx), are defined for
notational convenience.
The density fluctuations δρl(q, ω) induced in the top
(l = 1) or bottom (l = 2) surface, in the linear response
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FIG. 1. Schematic picture of an ultra-thin film of topological
insulator with thickness d and dielectric constant TI, sur-
rounded by a medium with the dielectric constant en.
regime is given by [35]
δρl(q, ω) =
∑
l′
χll′(q, ω)V
ext
l′ (q, ω), (4)
where χll′(q, ω) is the surface-resolved linear density-
density response function and V extl′ (q, ω) is the external
potential applied to surface l′. Within the random phase
approximation the interacting linear density-density re-
sponse function could be written in the matrix form as
χRPA(q, ω) = [1−Π(q, ω)V (q)]−1Π(q, ω), (5)
where
Π(q, ω) =
(
Π11(q, ω) Π12(q, ω)
Π21(q, ω) Π22(q, ω)
)
, (6)
and
V (q) =
(
V11(q) V12(q)
V21(q) V22(q)
)
, (7)
are the matrices of non-interacting density-density re-
sponse function and Coulomb interaction [25], respec-
tively. If we assume that a thin slab of topological insu-
lator with the thickness of d and the dielectric constant
of TI is embedded in an environment with the dielectric
constant en (see, Fig. 1), the intra-surface and inter-
surface components of the Coulomb interaction matrix
are respectively given by [26]
V11(q) = V22(q) = 2
(+ 1)eqd + (− 1)e−qd
D(q)
vq, (8)
and
V12(q) = V21(q) =
4
D(q)
vq. (9)
Here, vq = 2pie
2/(enq),  = TI/en, and D(q) =
( + 1)2eqd − ( − 1)2e−qd. Note that in the uniform
i.e.,  = 1 limit, we recover the familiar expressions
V11(q) = vq, and V12(q) = vqe
−qd, for the intra-surface
and inter-surface interactions, respectively.
3The components of the surface-resolved non-
interacting polarization functions are given by
Πll′(q, ω) =
1
S
∑
k,λ,λ′
F ll
′
λλ′(k,k
′) [f(εkλ)− f(εk′λ′)]
~ω + εkλ − εk′λ′ + i0+ ,
(10)
where S is the surface area, k′ ≡ k+q, f(ε) is the Fermi
distribution function, and the form-factors are
F ll
′
λλ′(k,k
′) =
∑
i,j
〈Ψ(i)kλ|ρl|Ψ(j)k′λ′〉〈Ψ(j)k′λ′ |ρl
′ |Ψ(i)kλ〉, (11)
with the surface-resolved density operators of TITF de-
fined as ρl ≡ [τ0 − (−1)lτz]⊗ σ0/2. It is straightforward
to show that
F llλλ′(k,k
′) =
1
2
(
1 + λλ′
~2v2Fk · k′
εkεk′
)
, (12)
and
F 12λλ′(k,k
′) = F 21λλ′(k,k
′) =
1
2
λλ′t2
εkεk′
. (13)
Here, εk ≡ |εkλ| is introduced for notational convenience.
We should note that the total density response function
Π(q, ω) =
∑
l,l′
Πll′(q, ω)
=
1
S
∑
k,λ,λ′
f(εkλ)− f(εk′λ′)
~ω + εkλ − εk′λ′ + i0+
×
(
1 + λλ′
~2v2Fk · k′ + t2
εkεk′
)
,
(14)
apart from a trivial degeneracy factor, is identical to the
dynamical density response function of two-dimensional
massive Dirac fermions [3, 9, 36]. It is possible to find
analytic expressions for the real and imaginary parts of
the layer-resolved density-density response functions for
arbitrary frequency and wave-vector (c.f. Appendix A).
As the total density response function Π(q, ω) is ana-
lytically known [3], we have simply presented the ana-
lytic expressions for the inter-surface component of the
density response function Π12(q, ω) in Appendix A. The
intra-surface component of the density response function
could be readily obtained from Π11(q, ω) = Π(q, ω)/2 −
Π12(q, ω). The behavior of dynamical density response
function versus frequency at two representative wave-
vectors is illustrated in Fig. 2 in both insulating and
metallic regimes.
A. The static limit
The static density-density response functions are ob-
tained from the ω → 0 limit of the dynamical responses.
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FIG. 2. The real (top) and imaginary (bottom) parts of intra-
surface (left) and inter-surface (right) components of the non-
interacting density-density response function of a topological
insulator ultra-thin film versus frequency for two fixed values
of the wave vector. The tunneling between two surfaces is set
equal to t = 0.7µ.
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FIG. 3. Top: the intra-surface (left) and inter-surface (right)
components of the non-interacting density-density response
function of an electron doped topological insulator ultra-thin
film in the static limit versus wave vector for t = 0.7µ (solid
red curves). Results in the vanishing tunneling limit (dashed
black curves) are also presented for comparison. Bottom:
same as the top panels but for the case when the chemical
potential lies inside the band gap i.e., |µ| < t.
In the electron doped metallic regime i.e., µ > t, where
4µ is the chemical potential of system, we find
Π11(q) = − µ
2pi~2v2F
{
1−Θ(q − 2kF)
×
[√
q2 − 4k2F
2q
− ~vFq
4µ
arctan
(
~vF
√
q2 − 4k2F
2µ
)]}
,
(15)
and
Π12(q) =
t2Θ(q − 2kF)
2pi~3v3Fq
arctan
(
~vF
√
q2 − 4k2F
2µ
)
, (16)
where kF =
√
µ2 − t2/(~vF) is the Fermi wave vector
in the conduction band and Θ(x) is the Heaviside step
function. If the chemical potential lies inside the band
gap i.e., |µ| < t, system behaves at zero temperature like
an insulator and we get
Π11(q) = − t
4pi~2v2F
− q
16pi~vF
arccos
(
4t2 − ~2v2F q2
4t2 + ~2v2F q2
)
,
(17)
and
Π12(q) =
t2
4pi~3v3Fq
arccos
(
4t2 − ~2v2F q2
4t2 + ~2v2F q2
)
, (18)
which are clearly independent of the chemical potential.
The behavior of the inter-surface and intra-surface com-
ponents of the static non-interacting density-density re-
sponse function of a TITF in the static regime is illus-
trated in Fig. 3.
B. The dynamical responses in the q = 0 limit
In the vanishing wave vector limit, only the inter-band
transitions contribute to the dynamical density-density
response functions and for an electron doped metallic
system (i.e., µ > t) we obtain
<eΠ11(0, ω) = − t
2
4pi~3v2Fω
ln
(∣∣∣∣2µ+ ~ω2µ− ~ω
∣∣∣∣) , (19)
and
=mΠ11(0, ω) = − t
2
4~3v2Fω
Θ(~ω − 2µ), (20)
for the real and imaginary parts of the inter-surface
density-density response functions, respectively. Also
note that we have Π12(0, ω) = −Π11(0, ω), and the to-
tal dynamical density-density response function vanishes
for q = 0. In the |µ| < t limit, replacing the chemi-
cal potential µ in Eqs. (19) and (20) with the tunneling
t, we find the corresponding dynamical density-density
response functions in the insulating regime.
III. COLLECTIVE MODES
Collective density oscillations could be obtained from
the poles of the interacting polarization function (5),
which is equivalent to the solutions of the following equa-
tion
[1− V+(q)Π+(q, ω)] [1− V−(q)Π−(q, ω)] = 0, (21)
where V±(q) = V11(q) ± V12(q) and Π±(q, ω) =
Π11(q, ω)±Π12(q, ω). The solutions of Eq. (21) results in
two collective density mode branches ω+(q) and ω−(q),
corresponding respectively to the symmetric and asym-
metric oscillations of density in two surfaces. Un-damped
collective modes occur in the regions of (q, ω)-plane
where the imaginary parts of the density response func-
tions are zero, i.e., outside the electron-hole continuum
(EHC). The analytic expressions for the non-interacting
density response functions Πll′(q, ω) are provided in Ap-
pendix A. The imaginary parts of the density response
functions are non-zero only in regions 3A, 4A, 1B and
5B [see, Eq. (A5) and Fig. 8 for the definitions]. Note
that at zero temperature no collective density oscillation
could be excited in the insulating regime (i.e., |µ| < t).
Therefore, in the following, we discuss the dispersions of
collective modes in the metallic regime.
A. Analytic results in the long-wavelength limit
We begin with the presentation of our analytic results
for the dispersions of collective modes in the long wave-
length, i.e., q → 0 limit. For the symmetric mode in the
long wavelength limit, upon substituting the vanishing
wave vector behavior of Π+(q → 0, ω) from Eq. (A8) into
the first square bracket on the left-hand-side of Eq. (21),
we obtain
~ω+(q → 0)
µ
'
√
1− t¯2
√
αee~vFq
µ
+O(q3/2), (22)
which has the expected
√
q dependance of the plasmon
dispersion in two dimensions [35]. Here, t¯ = t/µ < 1
is the dimensionless tunneling parameter, and αee =
e2/(en~vF) is the dimensionless coupling constant of
massless Dirac electrons. This expression is valid for
small wave vectors i.e., qd  2/, and it is interesting
to note that the long-wavelength behavior of the sym-
metric mode is not sensitive to the dielectric constant of
the topological insulator. For intermediate values of q, it
is possible to find the leading order quantum correction
to the mode dispersion [21, 27]
~ω+(q → 0)
µ
'
√
1− t¯2
√
αee~vFq
µ
(1 + qd/2)
−1
, (23)
which is valid for qd 1 and the dependance on TI en-
ters through . Note that the dispersion of optical mode
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FIG. 4. The sound velocity vs (in the units of Fermi velocity
vF) versus interlayer tunneling parameter for fixed values of
γ (left) and versus coupling parameter γ for fixed values of
tunneling (right).
from Eq. (23) shows an unphysical plateau-like future at
large wave vectors (c.f., Fig. 5).
To obtain the acoustic mode in the long wavelength
limit, we substitute the vanishing q limit of Π−(q, ω) from
Eq. (A9), in the second square bracket on the right-hand-
side of Eq. (21) to find
ω−(q → 0) ' vsq =
√
1− t¯2
g(γ, t¯)
vFq, (24)
with
g(γ, t¯) =
√
1−
(
1− t¯2
1 +
√
1− t¯2/γ
)2
, (25)
and γ = αeekFd/. As expected, the out-of-phase oscil-
lation of electrons in two surfaces is influenced by the
dielectric constant of the TITF through γ. Note that
the border between 4A and 2A regions (c.f., Fig. 8) at
the long wavelength limit is given by ω =
√
1− t¯2vFq.
As g(γ, t¯) is always smaller than one, we have vs >√
1− t¯2vF, and the acoustic mode is always undamped
at long wavelengths. For vs > vF this mode lies in region
5B, whereas for
√
1− t¯2vF < vs < vF it resides in region
4A. As we have illustrated in Fig. 4, depending on dif-
ferent system parameters, the velocity of acoustic mode
vs can be larger or substantially smaller than the Fermi
velocity of isolated surface states vF.
In the absence of inter-surface hybridization i.e., t =
0, we have µ = ~vFkF, and Eqs. (22), (23) and (24)
all reduce to the standard results obtained for double
layer graphene and topological insulator thin films in the
absence of tunneling [26, 27].
B. Numerical results on the dispersions of
collective modes
The dispersions of the collective modes for arbitrary
wave vectors could be obtained from the numerical so-
lution of Eq. (21). The system parameters we have
used in our numerical calculations are t ≈ 126 meV and
vF ≈ 4.71 × 105 ms−1, which results in ~vF ≈ 3.1 eVA˚
and αee ≈ 4.65. These values correspond to an ultra-thin
film of Bi2Se3 with the thickness of two quintuple layers
d ≈ 20A˚, whose electronic structure has been explored
experimentally by means of the angel resolved photo-
emission spectroscopy [15]. Unless otherwise stated, we
are going to use TI = 30 for the dielectric constant of
the Bi2Se3 thin film, which is smaller than its bulk value
(i.e., TI ≈ 100) [37], and we also take en = 1 for the
environment.
In Fig. 5 the dispersion of in-phase or symmetric col-
lective mode ω+(q) has been illustrated for two differ-
ent values of the chemical potential. The full numerical
results are compared with the analytical expressions in
Eqs. (22) and (23). It is evident that the finite tunneling
reduces the energy of symmetric mode.
The full dispersion of asymmetric (acoustic) mode has
been plotted in Fig. 6. Here, for better visibility, we have
used a much smaller value for the dielectric constant of
the topological insulator thin film (i.e., TI = 2) as the
mode dispersion for TI = 30 lies too close to the bound-
ary of EHC. Again, it is evident that finite tunneling
lowers the energy of collective mode. Notice that in the
presence of a finite tunneling between two surfaces, un-
damped collective mode can also propagate in region 4A,
where ω±(q) < vFq.
A better insight into the dispersions of collective modes
and their Landau damping inside the EHC could be
gained from the imaginary parts of the inverse dielectric
functions
=m
[
1
RPA± (q, ω)
]
= =m
[
1
1− V±(q)Π0±(q, ω)
]
, (26)
which represent the spectral weights of the collective
modes. The imaginary parts of inverse dielectric func-
tions have Dirac delta form at ω = ω±(q) outside the
EHC where the imaginary parts of the non-interacting
responses are zero and acquire finite width inside the
continuum due to the Landau damping of the collective
modes [35].
Imaginary parts of the symmetric and asymmetric
components of the inverse dielectric functions are illus-
trated in Fig. 7. The dispersions of collective modes as
well as their broadening due to Landau damping inside
the EHC are easily noticeable.
IV. SUMMARY
We have obtained analytic expressions for the surface
resolved dynamical linear density-density response func-
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FIG. 5. Full dispersion for the in-phase plasmon mode (solid
red) of a topological insulator ultra-thin film is compared to
its analytic long wavelength solutions obtained from Eqs. (22)
(dotted black) and (23) (dash-dotted black). The chemical
potential µ = 252 meV (top) and µ = 180 meV (bottom),
and t = 126 meV has been used here. The dispersions in the
absence of tunneling (dashed black) are also plotted for com-
parison. Different regions in the (q, ω)-plane are as introduced
in Appendix A.
tions of a topological insulator ultra-thin film with finite
tunneling between its surfaces. The full dispersions of
the collective density modes and their analytic form at
the long-wavelength limit are also investigated. The ve-
locity of acoustic mode and the Drude weight of the opti-
cal mode is tunable through different system parameters.
The energy of both symmetric and asymmetric collective
modes are suppressed due to the inter-surface tunneling.
This means that for a given energy, the collective mode
is shifted to large wave-vectors, making them more con-
fined in space. Moreover, the tunneling induced finite
gap in the spectrum of surface states makes it possible
to switch on or off the plasmon modes through the gate
voltage which tunes the chemical potential. Similar be-
havior has been observed in tunnel coupled double-layer
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FIG. 6. Full dispersion for the acoustic collective mode (solid
red) of a topological insulator ultra-thin film is compared to
its analytic long wavelength solution Eq. (24) (dotted black).
The chemical potential µ = 252 meV (top) and µ = 180 meV
(bottom) has been used here together with t = 126 meV and
TI = 2. The results in the absence of tunneling (dashed
black) are also plotted for comparison. Different regions in
the (q, ω)-plane are as introduced in Appendix A.
graphene [38]. These futures are expected to be useful for
practical implementation in future plasmonic circuitry.
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FIG. 7. Top: density plot of the symmetric component of
the inverse dielectric function −=m[1/εRPA+ (q, ω)] versus wave
vector q and frequency ω. In producing this plot we have used
µ = 180 meV and TI = 30, and the Dirac delta peak outside
the EHC has been broadened by 3×10−5 for better visibility.
Dashed lines show the boundary between different regions in
the (q, ω)-plane as introduced in Appendix A. Bottom: same
as the top panel, but for the asymmetric components of the
inverse dielectric function −=m[1/εRPA− (q, ω)] with µ = 252
meV, TI = 2 and the broadening factor of 4× 10−4.
Appendix A: Analytic results for the non-interacting
density-density response function of TITF
In this appendix we calculate the surface resolved
non-interacting density-density response functions of a
topological insulator ultra-thin film as defined through
Eq. (10). As the total density-density response func-
tion Π(q, ω) =
∑
l,l′ Πll′(q, ω) of a TITF is identical
to the density-density response function of 2D massive
Dirac fermions, whose full analytic expressions are avail-
able in the literature [3, 9], here we will simply present
the analytic expressions for the inter-surface density-
density response function Π12(q, ω). The intra-surface
components could be readily obtained using Π11(q, ω) =
Π(q, ω)/2−Π12(q, ω). From Eqs. (10) and (13) we find
Π12(q, ω) =
1
2S
∑
k,λ,λ′
(
λλ′t2
εkεk′
)
f(εkλ)− f(εk′λ′)
~ω + εk,λ − εk′,λ′ + i0+ ,
(A1)
where k′ ≡ k + q. Assuming µ > t and ω > 0, and
following similar procedures as Refs. [3, 9], at the zero
temperature we find
<eΠ12(q, ω) = f(q, ω)x21
×

0 1A
arccos
(
2µ−~ω
~vFqx0
)
2A
arccos
(
2µ+~ω
~vFqx0
)
+ arccos
(
2µ−~ω
~vFqx0
)
3A
arccos
(
2µ−~ω
~vFqx0
)
− arccos
(
2µ+~ω
~vFqx0
)
4A
arccosh
(
2µ+~ω
~vFqx0
)
− arccosh
(
2µ−~ω
~vFqx0
)
1B
arccosh
(
2µ+~ω
~vFqx0
)
2B
arccosh
(
2µ+~ω
~vFqx0
)
− arccosh
(
~ω−2µ
~vFqx0
)
3B
arccosh
(
~ω−2µ
~vFqx0
)
+ arccosh
(
2µ+~ω
~vFqx0
)
4B
arcsinh
(
2µ+~ω
~vFq
√
−x20
)
− arcsinh
(
2µ−~ω
~vFq
√
−x20
)
5B
,
(A2)
and
=mΠ12(q, ω) = f(q, ω)x21
×

arccosh
(
2µ−~ω
~vFqx0
)
− arccosh
(
2µ+~ω
~vFqx0
)
1A
− arccosh
(
2µ+~ω
~vFqx0
)
2A
0 3A
0 4A
0 1B
arccos
(
2µ−~ω
~vFqx0
)
2B
pi 3B
pi 4B
0 5B
,
(A3)
for the real and imaginary parts of the inter-surface
density-density response function, respectively. Here,
we have defined x0 =
√
1 + 4t2/(~2v2Fq2 − ~2ω2), x1 =
2t/(~vFq), and
f(q, ω) =
q2
16pi
√|~2v2F q2 − ~2ω2| . (A4)
Different regions in the (q, ω)-plane are introduced ac-
cording to the arguments of the Dirac delta-functions in
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FIG. 8. Regions with different expressions for the density-
density response function. Here we have used t = 0.7µ.
the imaginary part of the density-density response func-
tion [3, 9]
1A : ~ω < µ−√~2v2F (q − kF)2 + t2
2A : ±µ∓√~2v2F(q − kF )2 + t2 < ~ω
< −µ+√~2v2F(q + kF)2 + t2
3A : ~ω < −µ+√~2v2F(q − kF)2 + t2
4A : −µ+√~2v2F(q + kF)2 + t2 < ~ω < ~vFq
1B : q < 2kF ,
√
~2v2Fq2 + 4t2 < ~ω
< µ+
√
~2v2F(q − kF)2 + t2
2B : µ+
√
~2v2F(q − kF)2 + t2 < ~ω
< µ+
√
~2v2F(q + kF)2 + t2
3B : ~ω > µ+
√
~2v2F(q + kF)2 + t2
4B : q > 2kF ,
√
~2v2Fq2 + 4t2 < ~ω
< µ+
√
~2v2F(q − kF)2 + t2
5B : ~vFq < ~ω <
√
~2v2Fq2 + 4t2
,
(A5)
and are also illustrated in Fig. 8.
1. Results in |µ| < t limit
When the chemical potential lies inside the band gap,
only the inter-band transitions contribute to the density-
density response function, and we find
<eΠ012(q, ω) =
t2
4pi~3v2F
(v2F q
2 − ω2)
|v2F q2 − ω2|3/2
×
{
Θ(vF q − ω) arccos
(
v2F q
2 − ω2 − 4t2/~2
ω2 − v2F q2 − 4t2/~2
)
−Θ(ω − vF q) ln
(
(2t/~ +
√
ω2 − v2F q2)2
|ω2 − v2F q2 − 4t2/~2|
)}
,
(A6)
and
=mΠ12(q, ω) = t
2
4~3v2F
√
ω2 − v2Fq2
Θ(~2ω2−~2v2Fq2−4t2),
(A7)
respectively for the real and imaginary parts of the inter-
surface density-density response functions.
2. The long-wavelength behaviors
To obtain the long-wavelength behavior of the collec-
tive modes, we investigate the vanishing q limit of the
symmetric and asymmetric components of the density-
density response functions, respectively in the dynamical
and acoustic limits [35], from the full analytic results we
have just presented for the µ > t regime.
The long-wavelength behavior of the symmetric (i.e.,
optical) plasmon mode is obtained from the long-
wavelength behavior of Π+(q, ω). For µ > t, taking the
q → 0 and ω → 0 limits such that ω2/q = c = constant,
one finds
Π+(q, ω) ≈ µ
2 − t2
4pi~2µ
q
c
. (A8)
To obtain the long wavelength behavior of the asymmet-
ric mode, the long wavelength behavior of Π−(q, ω) in
the acoustic (i.e., ω/q = y = constant) limit is required
Π−(q→ 0, y) ≈ µ
2pi~2v2F
[
y(1− t¯2)√
y2 − v2F(1− t¯2)
− 1
]
,
(A9)
where t¯ = t/µ. Substituting Eqs. (A8) and (A9) into
Eq. (21), we obtain Eqs. (22) and (24) respectively for
the long wavelength dispersions of the symmetric and
asymmetric collective modes.
[1] E. H. Hwang and S. Das Sarma, Phys. Rev. B 75,
205418 (2007).
[2] R. Schu¨tky, C. Ertler, A. Tru¨gler, and U. Hohenester,
Phys. Rev. B 88, 195311 (2013).
[3] P. K. Pyatkovskiy, J. Phys.: Condens. Matter 21,
025506 (2009).
[4] L. Ju, B. Geng, J. Horng, C. Girit, M. Martin, Z. Hao,
H. A. Bechtel, X. Liang, A. Zettl, Y. R. Shen, and F.
Wang, Nat. Nanotechnol. 6, 630 (2011).
[5] A. N. Grigorenko, M. Polini, and K. S. Novoselov, Nat.
Photonics 6, 749 (2012).
[6] T. Stauber, J. Phys.: Condens. Matter, 26,
123201 (2014).
[7] C. J. Tabert and E. J. Nicol, Phys. Rev. B 89, 195410
9(2014).
[8] R. Sachdeva, A. Thakur, G. Vignale, and A. Agarwal,
Phys. Rev. B 91, 205426 (2015).
[9] A. Thakur, R. Sachdeva, and A. Agarwal, J. Phys.: Con-
dens. Matter 29, 105701 (2017).
[10] P. Di Pietro, M. Ortolani, O. Limaj, A. Di Gaspare,
V. Giliberti, F. Giorgianni, M. Brahlek, N. Bansal, N.
Koirala, S. Oh, P. Calvani, and S. Lupi, Nat. Nanotech-
nol. 8, 556 (2013).
[11] T. Zhang, P. Cheng, X. Chen, J.-F. Jia, X. Ma, K. He,
L. Wang, H. Zhang, X. Dai, Z. Fang, X. Xie, and Q.-K.
Xue, Phys. Rev. Lett. 103, 266803 (2009).
[12] D. Hsieh, Y. Xia, Di. Xian, et. al, Nat, 460, 1101 (2009).
[13] D. K. Efimkin, Y. E. Lozovik, and A. A. Sokolik,
Nanoscale Res. Lett., 7, 163 (2012).
[14] L. L. Li, W. Xu, and F. M. Peeters, J. Appl. Phys., 117,
175305 (2015)
[15] Y. Zhang, K. He, C.-Z. Chang, et. al, Nat. Phys. 6,
584 (2010).
[16] Y. Sakamoto, T. Hirahara, H. Miyazaki, S. I. Kimura,
and S. Hasegawa, Phys. Rev. B 81, 165432 (2010).
[17] S. Das Sarma and E. H. Hwang, Phys. Rev. Lett. 81,
4216 (1998).
[18] S. H. Abedinpour, M. Polini, A. H. MacDonald, B.
Tanatar, M. P. Tosi, G. Vignale, Phys. Rev. Lett. 99,
206802 (2007).
[19] G. Borghi, M. Polini, R. Asgari, and A. H. MacDonald,
Phys. Rev. B 80, 241402(R) (2009).
[20] X.-F. Wang and T. Chakraborty, Phys. Rev. B 81,
081402(R) (2010).
[21] R. Sensarma, E. H. Hwang, and S. Das Sarma, Phys.
Rev. B 82, 195428 (2010).
[22] O. V. Gamayun, Phys. Rev. B 84, 085112 (2011).
[23] C. Triola and E. Rossi, Phys. Rev. B 86,
161408(R) (2012).
[24] T. Stauber and G. Go´mez-Santos, New J. Phys. 14,
105018 (2012).
[25] F. Jin, R. Rolda´n, M. I. Katsnelson, and S. Yuan, Phys.
Rev. B 92, 115440 (2015).
[26] R. E. V. Profumo, R. Asgari, M. Polini, and A. H. Mac-
Donald, Phys. Rev. B 85, 085443 (2012).
[27] T. Stauber, and G. Go´mez-Santos, and L. Brey, Phys.
Rev. B 88, 205427 (2013).
[28] T. Stauber, and G. Go´mez-Santos, and L. Brey, ACS
Photonics 4, 2978 (2017).
[29] B. Wunsch, T. Stauber, F. Sols, and F. Guinea, New J.
Phys. 8, 318 (2006).
[30] W. E. Liu, H. Liu, and D. Culcer, Phys. Rev. B 89,
195417 (2014).
[31] F. Parhizgar, A. G. Moghaddam, and R. Asgari, Phys.
Rev. B 92, 045429 (2015).
[32] P. Ghaemi, R. S. K. Mong, and J. E. Moore, Phys. Rev.
Lett. 105, 166603 (2010).
[33] A. A. Zyuzin, M. D. Hook, and A. A. Burkov, Phys. Rev.
B 83, 245428 (2011).
[34] S. S. Pershoguba and V. M. Yakovenko, Phys. Rev. B 86,
165404 (2012).
[35] G. F. Giuliani and G. Vignale, Quantum Theory of
the Electron Liquid (Cambridge University Press, Cam-
bridge, 2005).
[36] A. Mazloom, F. Parhizgar, S. H. Abedinpour, and R.
Asgari, Phys. Rev. B 94, 035153 (2016).
[37] M. Autore, P. Di Pietro, A. Di Gaspare, F. D’Apuzzo, F.
Giorgianni, M. Brahlek, N. Koirala, S. Oh, and S. Lupi,
J. Phys.: Condens. Matter 29, 183002 (2017).
[38] Z. Fei, E. G. Iwinski, G. X. Ni et al., Nano Lett., 15,
4973 (2015).
